We perform a detailed analysis of holographic entanglement Rényi entropy in some modified theories of gravity with four dimensional conformal field theory duals. First, we construct perturbative black hole solutions in a recently proposed model of Einsteinian cubic gravity in five dimensions, and compute the Rényi entropy as well as the scaling dimension of the twist operators in the dual field theory. Consistency of these results are verified from the AdS/CFT correspondence, via a corresponding computation of the Weyl anomaly on the gravity side. Similar analyses are then carried out for three other examples of modified gravity in five dimensions that include a chemical potential, namely Born-Infeld gravity, charged quasitopological gravity and a class of Weyl corrected gravity theories with a gauge field, with the last example being treated perturbatively. Some interesting bounds in the dual conformal field theory parameters in quasitopological gravity are pointed out. We also provide arguments on the validity of our perturbative analysis, whenever applicable. *
Introduction
Entanglement in quantum mechanical systems is a topic that has intrigued and engaged physicists ever since the discovery of quantum mechanics. Two quantum subsystems that make up a composite system are said to be entangled when measurements performed on the subsystems are correlated, i.e the states of the individual subsystems are not independent. Broadly speaking, a measure of entanglement for a subsystem can be obtained by tracing out the complementary degrees of freedom from the total density matrix. Applications of the idea of entanglement to quantum many body systems and quantum field theories [1] , [2] are relatively recent, but these have witnessed a lot of activity in the recent past, in the context of condensed matter physics, quantum information theory, etc [3] , [4] , [5] .
In the context of the AdS/CFT correspondence [6] , [7] , the calculation of the entanglement entropy of a strongly coupled quantum field theory holographically from a dual gravitational description arose out of the seminal work by Ryu and Takayanagi [8] . The Ryu-Takayangi prescription and its generalisations [9] , [10] , [11] , [12] , [13] , [14] (see also [15] , [16] for related discussions) have been at the forefront of research over the last decade and promises to yield a deep understanding of entanglement in strongly coupled quantum systems. Following up on this line of research, in recent times, there has been a surge of interest in investigating higher curvature theories of gravity, like Gauss-Bonnet gravity, Lovelock gravity [17] , and quasi-topological gravity [18] , [19] , [20] . We will call such theories generically as modified theories of gravity (in the sense of being modified from the standard Einstein gravity). It is well known that such theories often suffer from the problem of negative energy states in their spectrum, but nonetheless might prove important clues towards the quantization of gravity. Viewed from a string theory perspective, these theories might be viewed as higher order corrections to the standard Einstein-Hilbert action, the latter being a low energy effective theory, and the corrections becoming important at large energy scales. Indeed, CFT duals to these modified theories of gravity have been extensively studied by holographic methods by now (see, for example, [21] , [22] , [23] , [24] , [25] ).
Understanding entanglement in modified theories of gravity is important and interesting. Apart from providing insights into the nature of entanglement in novel examples of strongly coupled quantum field theories, these often provide us with extra tuneable physical parameters that substantially enrich the phase structure of the system, and is expected to be of use to model realistic situations. Further, these theories often provide useful insights in terms of novel physical bounds on the parameters of the dual CFT. With these motivations, the purpose of this paper is to understand the nature of entanglement in some examples of modified theories of gravity. In particular, we focus on the analysis of the entanglement Rényi entropy (ERE) [26] , [27] and study its various features. The tools needed for our analysis is well established, by now. Hence, in order to set the notations and conventions to be used in the rest of the paper, we briefly recapitulate these in section 2.
The first case that we study in this paper in section 3 is ERE in the recently proposed Einsteinian cubic gravity [28] . To this end, we first note that most of the higher derivative theories of gravity that exist in the literature have the characteristic that the coupling constants associated with different terms in the Lagrangian are dimension dependent. In Einsteinian cubic gravity on the other hand, the coupling constants are dimension independent. Unlike, say, GaussBonnet gravity, the extra terms in the Lagrangian are not topological in four spacetime dimensions. Motivated by the holographic studies of higher derivative gravity theories, in the first part of this work, we undertake an investigation of the entanglement Rényi entropy of the CFT dual to Einsteinian cubic gravity, after constructing a black hole solution perturbatively, for a particular choice of parameters in the theory. We also compute the scaling dimensions of the twist operators (to be elaborated upon in the next section) and verify the central charges of the dual CFT via a computation of the Weyl anomaly.
In sections 4, 5 and 6, similar analyses are performed in extended theories of gravity with a chemical potential, and we study various features of their ERE and twist operators. In section 4, we consider Born-Infeld gravity [29] , [30] , and elaborate upon the behavior of the charged ERE both as a function of the chemical potential for fixed values of the Born-Infeld parameter, as well as a function of the Born-Infeld parameter with fixed chemical potential. In section 5, we perform a similar analysis for charged quasi-topological gravity [31] . In this case, we are able to provide interesting bounds on the central charges as well as other parameters of the dual CFT via our analysis. Finally, in section 6, we briefly study Einstein's gravity with a Weyl-corrected gauge field [32] , [33] . Sections 3 and 6 contain perturbative analysis of the ERE, and in order to justify the numerical values of the coupling constant that we have chosen, we have to check that the second order corrections to our linear order results in this paper are indeed small. For ERE, this has been done in the paper, and the relevant second order black hole solutions for Einsteinian cubic gravity are summarised in Appendix A. For Weyl-corrected gravity, the second order expressions are detailed in Appendix B, but the analysis become tedious, and the second order corrections could not be performed satisfactorily, due to numerical issues, as we explain towards the end of section 6 .
A word about the notation used : we consider four different theories and consider similar physical quantities in each of them. However, using different symbols for different theories will unnecessarily clutter the notation and we avoid doing it. It has to be thus remembered that a particular symbol used in a section remains relevant for that section only.
Holographic Entanglement Rényi Entropy
In this section, we will briefly review the relevant details of the computation of various quantities associated with holographic ERE. Since the material is quite well established by now, we will be brief here, and point the reader to the references herein for further details.
Let us first briefly review the idea of entanglement entropy (EE) for a field theory which is a composite system of two subsytems, A and its complement B. Consider the reduced density matrix of A, given by ρ A , obtained by tracing over the degrees of freedom corresponding to B out of the density matrix of the full system. The entanglement entropy of the subsystem A is given by,
and is by definition, the von Neumann entropy of subsystem A. The entanglement Rényi entropy (ERE) [26] , [27] , which will be the main focus of this paper is another useful measure of entanglement, and is given by,
Here, n, called the order of the ERE is a positive real number. By construction, S EE = lim n→1 S n , and hence we can obtain the EE from the ERE. The calculation of the Rényi entropy in CFTs depends on the replica trick [1] , [2] which involves computing a path integral over n-fold cover consisting of replicas of the original CFT. The different copies are separated by twist operators [34] inserted at branch points. Recently, holographic methods have been used to compute the ERE for a variety of CFTs with different bulk duals. Extending the idea of [35] , the authors of [36] derived a formula for holographic ERE with spherical entangling surfaces and calculated the ERE explicitly for Einstein gravity as well as some higher derivative theories like Gauss-Bonnet gravity and quasi-topological gravity. In a related work, [37] computed the ERE for four dimensional N = 4 super-Yang-Mills holographically, using the same method. This proposal of ERE was then generalized by [38] to include a chemical potential in the field theory. They constructed the charged entanglement Rényi entropy in a grand canonical ensemble where one has to compute the Euclidean path integral by inserting a Wilson line encircling the entangling surface. For some recent interesting works on holographic Rényi entropy we refer the reader to [39] , [40] , [41] , [42] , [43] .
Let us briefly recapitulate the computation of the ERE, closely following [35] and [36] . We consider a spherical entangling surface S d−1 in a flat d-dimensional CFT. From [35] , it can be shown that the CFT can be mapped to a hyperbolic cylinder R × H d−1 by a conformal transformation. So, effectively the correlators in the vacuum CFT are mapped to a thermal ensemble on R × H d−1 , with the temperature being fixed by the curvature scale R of the cylinder (which is also the radius of the original sphere S d−1 ), given by,
Now, using the AdS/CFT correspondence, we can infer that the CFT on the hyperbolic cylinder R × H d−1 has a bulk dual which is a black hole with a hyperbolic horizon. The above argument implies a simple relation between the thermal density matrix and the reduced density matrix ρ A as,
where U is a unitary transformation and Z(T 0 ) = tr (e −H/T 0 ) and hence we have,
Now making use of the expression of free energy F in thermodynamics, F (T ) = −T log Z(T ), the ERE of the CFT can be calculated as,
Since S = −
∂F ∂T
, the above relation can be rewritten as,
where, S denotes the thermal entropy of the CFT living on R × H d−1 . Using the gauge/gravity duality, we can identify this thermal entropy with the Wald entropy S Wald [44] of the hyperbolic black hole and hence we can compute the Rényi entropy using eq. (7) 1 . Since we will be considering some modified theories of gravity dual to CFTs with a conserved global charge, we have to understand how the entanglement between the two subsystems A an B depends on the charge distribution among themselves. For a grand canonical ensemble, the charged ERE is defined [38] , [46] by simply generalizing eq.(2),
where, µ c is the chemical potential conjugate to the charge Q A and n A (µ c ) = tr ρ A e µc Q A is introduced to normalize the new density matrix with unit trace. In a similar way, one can derive the formula for charged ERE which resembles eq.(7) with S n being a function of µ c ,
The Rényi entropy satisfies the following inequalities [36] , [47] ,
where it can be shown from the gravity side that satisfying the inequalities in the first line of eq.(10) automatically leads to the ones in the second line of that equation [46] . As was argued in [36] , these inequalities will hold for any CFT, as long as we have a stable thermal ensemble. Nevertheless, in all the examples considered in this paper, we will explicitly check the above inequalities. This is particularly important for the perturbative solutions that we consider. Now, as we have mentioned, the replica trick for computing the Rényi entropy can be understood as the insertion of a surface operator, known as the twist operator (σ n ), at the entangling surface [36] , [38] , [48] . The scaling dimension of this operator is determined from the leading singularity in the correlator T µν σ n . The leading singular behavior is fixed by the symmetry, tracelessness and the conservation properties of T µν .
Let us consider a four dimensional CFT where a planar twist operator is positioned at x 1 = x 2 = 0 in flat Euclidean space. The twist operator extends along the other two directions x 3 and x 4 . Now, one inserts a stress tensor at (y 1 , y 2 , y 3 , y 4 ) and thus the orthogonal distance between the twist operator and the stress tensor operator is given by, l = (y 1 ) 2 + (y 2 ) 2 . With this notation, the leading singularity in the correlator of the twist operator and the stress tensor can be calculated as [36] , [38] ,
where, (a, b) = (1, 2) are the normal directions and (i, j) = (3, 4) are the tangential directions to the twist operator. Here n a = y a l is the orthogonal unit vector from the twist operator σ n to the point where the stress tensor T µν has been inserted. From eq.(11), one should notice that the leading singularity is now fixed up to a constant h n , known as the scaling dimension of σ n . Following [36] , [38] , we quote the final expression of the scaling dimension h n (in the four dimensional boundary CFT) in terms of the thermal energy density,
where, E(T, µ c ) is the thermal energy density given by,
E(T, µ c ) being the total thermal energy and V Σ is the regulated volume of the hyperbolic plane H 3 . We should point out here that the first term in eq.(12) appears due to the anomalous contribution from the stress tensor under conformal transformations. One can also express eq. (12) in terms of the thermal entropy density S using the first law of thermodynamics,
where, S and ρ are respectively the thermal entropy density and the charge density of the dual CFT.
The conformal dimension h n (µ c ) possesses an interesting universal property, when expanded around n = 1 and µ c = 0,
Note that h 00 = 0, while the authors of [36] , [38] showed that the quantity h 10 is related to the central chargeC T for any d-dimensional CFT
As mentioned in [38] , [46] , since we are discussing charged Rényi entropy, one may think about the correlator of the twist operator σ n and the current operator J µ . Here also one can extract the leading singular behavior of this correlator using the conservation of the current J µ as [38] , [46] ,
where a b stands for the volume form and k n (µ c ) represents the magnetic response characterizing the response of the current to the magnetic flux. Finally, one can derive the magnetic response k n (µ c ) using a conformal mapping [38] , [46] as,
In a similar way as argued with the scaling dimension, here one may expand the magnetic response k n (µ c ) around n = 1 and µ c = 0,
In this work, we will broadly study the concepts introduced above. Having set up the notations and conventions, we will now proceed to the main body of this paper.
ERE for Einsteinian Cubic Gravity
Our first example is the analysis of ERE in Einsteinian cubic gravity. This is an interesting proposal recently put forward in [28] . As stated in the introduction, modified theories of gravity often suffer from ghost modes in the spectrum. The work of [28] on the other hand attempts to formulate a theory which at the linearized level has no ghost modes, and where the coupling constants are independent of spacetime dimensions. This theory has the following action
where, R is the Ricci scalar and L is the AdS length, related to the cosmological constant Λ by, Λ = − 6 L 2 . χ 4 is the standard four-derivative Gauss-Bonnet term,
while β 1 and β 2 are the coupling constants of two new sets of six derivative terms. As stated earlier, our goal is to study the ERE of Einsteinian cubic gravity using holographic methods. As in any other case of extended theories of gravity, this provides a novel dual CFT, which is interesting to analyze. It is difficult (if not impossible) to analytically solve the Einstein equations for this cubic theory taking into account all the three parameters λ, β 1 and β 2 . We will be interested in the cubic terms in the Lagrangian, and hence exclude the Gauss-Bonnet coupling from our analysis (the latter was studied in [36] ). We will thus focus on one of the new coupling terms β 1 and β 2 . To simplify the computation, we will set β 1 = 3 2 β and β 2 = 0 (the numerical factor of 3 2 is just a choice which simplifies some constants that appear in our analysis in what follows. Any other choice will not alter the essential physics). Of course, one could alternatively set β 1 = 0 to begin with, as well. Now, even with a single coupling, we found it difficult to solve the system exactly. So, we proceed to solve the system up to linear order in the new coupling constant β.
In order to compute the holographic Rényi Entropy dual to this cubic gravity, we need to construct a hyperbolic black hole solution which can be done by choosing the following metric ansatz,
where, dΣ 2 3 is the line element for the three dimensional hyperbolic plane H 3 having unit curvature. We will set
whereL is the AdS curvature scale which is to be determined and R is the curvature of the hyperbolic spatial slice. Here f 0 (r) is the leading order solution which represents a hyperbolic Schwarzschild black hole in five dimensional AdS space, and has the form,
The position of the horizon of this unperturbed solution can be obtained by demanding,
. This in turn, fixes the constant ω in the leading order solution as,
Now varying the action with respect to F 1 (r) and F 2 (r) yield the following differential equations at order β 2 (the absence of O(β) terms signifies that the ansatz satisfies the Einstein's equations at linear order)
where we have denoted
from which we obtain the following analytical solutions
where C 1 and C 2 are constants of integration, to be determined using appropriate boundary conditions. At this point it is important to note that we have inserted an extra factor of 1 R 2 in the metric component g tt . With this inclusion, we make sure that the boundary CFT dual to this black hole geometry resides on R × H 3 , where the hyperbolic spatial slice H 3 has curvature R as mentioned before,
The constant C 2 can be set to zero since it simply produces a rescaling of the time coordinate, and we demand that the metric of eq. (22) be conformally equivalent to the one of eq. (29) . Then C 1 can be fixed by demanding that the position of the horizon r h remains the same as with the unperturbed solution, and by the fact that the potential singularities in F 1 (r h ) and F 2 (r h ) need to be avoided. It can be checked that this can be obtained by setting
Since the asymptotic form of the bulk metric of eq. (22) should represent the background metric for the dual boundary CFT given by eq. (29), we now determine the AdS curvature scaleL as,
where we have used the fact that
After determining the perturbed black hole solution up to O(β), we proceed to compute the Hawking temperature of the black hole. At this stage, it is convenient to make a change of variables and use a new dimensionless variable,
, instead of using r h . The Hawking temperature of the black hole then can be expressed as,
Note that there is a O(β) correction in the temperature and as we take the limit β → 0, we recover the expression of the temperature with pure Einstein gravity [36] , as expected.
To compute the thermal entropy of the hyperbolic black hole, we proceed to evaluate the Wald entropy following [44] ,
µν ρλ (34) This proposal was put forward to compute the black hole entropy in higher derivative gravity theories. Here, L represents the Lagrangian of the particular higher derivative gravity, and µν is the binormal Killing vector normalized as µν µν = −2. The final expression of the Wald entropy turns out to be
The first term in eq. (35) represents the usual thermal entropy in case of a hyperbolic AdS black hole in pure Einstein gravity, while the second term stands for the correction in entropy due to the presence of the cubic term in the action. Here V Σ = H 3 dΣ 3 is the volume of the hyperbolic plane. As shown in [36] , V Σ is divergent and this behavior mimics the UV divergence of the Rényi Entropy in the dual CFT. Hence, one needs to regularize the entropy and this is done by integrating out the hyperbolic volume element up to a maximum radius R δ , where δ is the short-distance cut-off of the dual CFT. Now after expanding V Σ in powers of R δ , it is straightforward to single out the universal contribution coming from the sub-leading terms,
Now, writing eq. (7) in terms of the dimensionless variable x , the entanglement Rényi entropy can be expressed as,
where in the second line we have done an integration by parts. It follows that x 1 and x n (the upper and lower limits, respectively, in eq. (37)) are the only two remaining quantities that we need for the computation of the ERE. These two quantities can be determined by solving the following equation,
where
. From eqs. (33) and (38) , note that at the β → 0 limit, x 1 and x n are given by,
Now substituting eq.(33) in eq.(38) yields a sixth order algebraic equation for x n which can not be solved exactly for arbitrary n. However, with n = 1, we find x 1 = 1 is still a solution of the equation. To determine x n for arbitrary n, we solve x n up to linear order in β,
where,x n is defined in eq. (39) . We construct the solution in such a way that x n agrees with eq. (39) when β vanishes. Finally, we compute the ERE,
We can also calculate the entanglement entropy from the above expression of ERE by taking the n → 1 limit, which yields,
Notice that, the above expression in the β → 0 limit corresponds to the entanglement entropy for any CFT in four space-time dimensions dual to a five dimensional pure Einstein gravity. The second term in the above expression represents the correction in entanglement entropy due to the presence of the cubic term in the bulk gravity. This correction in entanglement entropy is related to the central charge a for a four dimensional CFT. As we will show in section 3.3, this matches with a corresponding calculation from the gravity side, via a computation of the Weyl anomaly.
Numerical Analysis and Results
In this subsection, we present the results for the ERE in Einsteinian cubic gravity, plotted against two quantities, namely the order of the ERE n and the coupling β. Since S n contains the volume factor V Σ involving the short-distance cut-off of the boundary CFT, we plot the ratio of Rényi entropy S n to the entanglement entropy S 1 , instead of plotting S n . Let us first consider the behavior of the ERE as a function of the coupling β for different values of n as shown. This is shown (in a slightly different way) in figure 1(a). Since we have treated the problem perturbatively, we consider small values of β up to β = 0.05 (these numerical values will be justified in a while, towards the end of this section) and fitted ≤ 0. Hence, we notice that the first inequality of eq.(10) is obeyed for any small value of the coupling constant β in Einsteinian cubic gravity.
In figure 2 we show the variation of the quantity
with n for different values of the coupling β. Here again we follow the same color coding for β as in figure 1(b). Note that the slope of the lines are positive for all chosen values of β, i.e., ∂ ∂n n−1 n S n ≥ 0, which supports the second inequality obeyed by Rényi entropy in eq. (10) . It should be mentioned that choosing a relatively higher value of β violates the inequalities obeyed by Rényi entropy. This is an artifact of our perturbative analysis.
Scaling Dimension of Twist Operators
Recall that as mentioned in section 2, the field theoretic method for calculating entanglement entropy involves performing a path integral over n replicas of the original CFT, and that twist operators open branch cuts between these copies. In this example, there is no chemical potential, and hence using eq. (14), eq. (12) reduces to the result [36] , Using the above equation, the dimension of the twist operator can be computed up to linear order in β as,
As expected, the leading order term in the expression corresponds to a CFT with a bulk Einstein dual. Also note that, h n at linear order vanishes if one takes the limit n → 1. We also find that
where c = π
is the central charge of the four dimensional CFT. The above relation between the central charge c and the first order coefficient of the expansion of the scaling dimension ∂ n h n | n=1 is a general property and we show that this holds for Einsteinian cubic gravity, as expected. We will compute the central charge c in the next section by studying holographic Weyl anomaly and show that it matches with the result above.
Weyl Anomaly and Central Charges
In this section, we compute both the central charges c and a characterizing a four dimensional CFT dual to Einsteinian cubic gravity using the gauge/gravity duality. It is well known that, although the trace of the energy momentum tensor T µ µ vanishes in flat space, it is no longer zero if we place the CFT in a curved background. This is known as Weyl anomaly or conformal anomaly [49] , [50] , which relates the CFT parameters to the coupling constants of the dual gravity theory. The trace anomaly for a four dimensional CFT is given by,
where,
is the square of the Weyl tensor C ijkl , while E 4 represents the Euler density in four dimensions,
Following the prescription of [50] , one can obtain the central charges c and a via the gauge/gravity duality. Starting with the gravity action and employing the Fefferman-Graham expansion [51] one can write down the bulk metric as,
where,ḡ
andḡ (0)ij represents the boundary metric at ρ = 0. Now substituting the form of the metric of eq. (49) into the gravity action (eq. (20)),ḡ (2)ij can be eliminated using the field equations. After writing the action in terms ofḡ (0)ij andḡ (1)ij one can further expressḡ (1)ij in terms ofḡ (0)ij and write down the action in terms ofḡ (0)ij only. Finally, one can read the anomaly coefficients by extracting the terms producing a log divergence,
where is a short distance cut-off. This procedure of finding the anomaly coefficients is straightforward but the calculation becomes complicated in higher derivative gravity theories. So, instead of following this approach, we follow [52] , [53] in order to compute the central charges 2 . We choose the following bulk metric,
(52) having a boundary AdS 2 × S 2 . After plugging this metric into the Lagrangian, we extract the coefficient of 1 ρ which gives rise to a log divergence. We call this term L ln , given by,
The equations of motion for A and B are given by,
solving which we can determine A and B. Now the four dimensional quantities I 4 and E 4 can be computed using the boundary metricḡ 0(ij) as,
Now, by noting the form of I 4 and E 4 in (eq. (55)), it is easy to show that the central charges can be obtained by taking the following limits,
Finally, using eq. (56) along with eq. (31), we determine the central charges up to linear order in β as,
Note that the expressions of the entanglement entropy in section 3 and the scaling dimension of twist operator in section 3.2 agree with the values for central charges obtained by the computation of holographic Weyl anomaly.
Validity of Rényi Entropy Inequalities
Since we work perturbatively up to linear order in the coupling constant β, we should consider relatively small values of β in all our computations. However, to justify that our results are reliable (by taking into account the terms up to linear order in β), we should find the change in Rényi entropy due to the inclusion of next-to-leading order corrections and check that it is indeed small. For this purpose, we need to solve the Einstein equations at O(β 2 ). Following the same strategy as described earlier, we obtained a hyperbolic black hole solution at O(β 2 ) (see Appendix A).
The numerical results for the ERE at different values of the cubic coupling with O(β) and O(β 2 ) corrections are shown in table 1. To note the deviation in the values with increasing n, we have chosen a large value of n (= 1000) to produce the table. However, even with this large value of n, the second order correction in the entropy ratio is small and hence the first-order correction term is sufficiently reliable. It can be observed from the table that O(β 2 ) correction appears only at the third decimal place even when we increase the coupling β to 0.04. Here we should mention that the inequalities obeyed by Rényi entropy are satisfied in this regime of the coupling β which are shown in figures 1 and 2.
Numerical results for
Having studied ERE and its various features for Einsteinian cubic gravity, we will now move over to examples with gauge fields. Our next analysis involves Born-Infeld gravity.
Charged Rényi Entropy with Born-Infeld Gravity
We will start with the standard Einstein-Born-Infeld action in five dimensional AdS space which is given by,
where, b is the Born-Infeld parameter. L is the AdS length, and is related to the cosmological constant Λ by Λ = − 6 L 2 . The factor * in front of the Born-Infeld term is related to the five dimensional gauge coupling g 5 as, g F µν F µν ), when we take the limit b → ∞. On the other hand, with the limit b → 0, the Born-Infeld term vanishes and we are left with Einstein's gravity with no gauge potential.
The variation of the action of eq.(59) gives rise to the following Einstein's and Maxwell's equations:
The authors of [29] and particularly [30] studied the black hole solutions in these theories, having horizons with positive(elliptic), zero (planar) and negative (hyperbolic) constant curvatures. Since we are interested here computing the charged Rényi entropy holographically, we only need to consider the charged hyperbolic black holes. The hyperbolic black hole solution of the Einstein-Born-Infeld gravity is given by,
with the gauge field given by the expression
Here, dΣ 2 3 is the line element for the three dimensional hyperbolic plane H 3 . The function f (r) has the form
where m and q are constants of integration and 2 F 1 is the standard hypergeometric function. The constants m and q are related to the black hole mass M and electric charge Q, respectively. Also, the position of the horizon r h is given by f (r h ) =
where, µ c is the chemical potential, given by
Notice that µ c is chosen in such a way that the gauge field φ(r) vanishes at the horizon r h in order to prevent the appearance of a conical singularity. Another important point to note is that, compared to [30] , we have inserted an extra factor of L 2 R 2 in the metric component g tt . With this inclusion, we make sure that the boundary CFT dual to this black hole geometry resides on R × H 3 where the hyperbolic spatial slice H 3 has curvature R,
One can also compute the mass parameter m in terms of the horizon radius r h from,
The Hawking temperature of the black hole can be computed as,
where κ is the surface gravity of the black hole. The black hole entropy computed using the Bekenstein-Hawking formula reads
As was done in the previous section, we now express the chemical potential, temperature and entropy of the black hole in terms of x as,
(71)
Here we should mention that since we want to compute the Rényi entropy in the grand canonical ensemble, we should fix the chemical potential µ
At this point, we briefly describe the numerical routine for computing the Rényi entropy. First, we fix the chemical potential µ c to a certain value and numerically solve eq.(71) to generate q(x). Note that the entropy S does not explicitly depend on q, while the temperature T does. But once we numerically generate the function q(x), we can rewrite the function T (q, x) as T (x). In the process of computing the Rényi entropy S n , we can express eq. (9) in terms of the dimensionless variable x such that it can be rewritten in a form similar to eq. (37) as,
where x 1 and x n are the integration limits to be determined . Since we already have the function q(x) we can straightforwardly determine those quantities by numerically solving the following equations,
Now we are ready to compute the Rényi entropy S n . Since, S n contains the volume factor V Σ involving the short-distance cut-off of the boundary CFT, we plot the ratio of Rényi entropy S n to the entanglement entropy S 1 , instead of plotting S n , as before.
Numerical Analysis and Results
In figure 3 each figure, the red, orange, green, blue and purple lines correspond to n = 1, 2, 3, 10 and 100, respectively. The ratio of the Rényi entropy to entanglement entropy
always increases in a non-linear fashion as the chemical potential µ c increases. Also, for any value of the Born-Infeld parameter b, the Rényi entropy decreases as one increases the value of n. Note that, for a particular value of n and µ c , Sn(µc) S 1 (0) decreases as b increases. This behavior is also evident in figure 4 where we have plotted
as a function of the Born-Infeld parameter at fixed chemical potential.
Next, in figure 5 we plot the Rényi entropy as a function of n. In figure 5 (a) we have fixed the Born-Infeld parameter b = 0.05 while the red, orange, green, ≤ 0. Hence, we notice that the first inequality of eq.(10) is obeyed for any value of the Born-Infeld parameter in our case. In figure 6 we test the second inequality of eq. (10) 
Scaling Dimension of Twist Operators
Following the same method as described in section 2, we compute the scaling dimension of the twist operators in a CFT dual to the Born-Infeld gravity. Recall that the scaling dimension is given by,
where, E is the energy density given by, Here, the mass m is given by,
Since m(T 0 , 0) = 0, finally we have the expression of the scaling dimension,
However, from eq.(71) it is evident that expressing q in terms of µ c is difficult because of the presence of the hypergeometric function. Hence, it is difficult to obtain an analytical expression of the expansion of the scaling dimension, i.e h 10 or h 02 are difficult to calculate. The same difficulty also holds for the calculation of the coefficients of magnetic response. Of course one could have considered various limits of the parameters in order to (perturbatively) expand the hypergeometric function, but such an analysis may be of limited interest and we will not belabor upon this here. Alternatively, it is possible to do the computation in a canonical (fixed charge) ensemble. However we will not undertake such an analysis here. We now move to our second example of ERE with a gauge field, namely charged quasi-topological gravity.
Charged Rényi Entropy with Quasi-Topological Gravity
In this section, we will discuss the properties of the charged Rényi Entropy of a four dimensional CFT, dual to five dimensional charged quasi-topological gravity (QTG). The action of the five dimensional QTG coupled to a U (1) gauge field A is given by,
where χ 4 is the standard four-derivative Gauss-Bonnet term,
while Z 5 is a six-derivative interaction term [19] , [25] given by,
In order to compute the holographic charged Rényi Entropy dual to this bulk gravity theory, we need to construct charged hyperbolic black hole solutions in this [31] . This can be done by choosing the following metric and gauge field ansatz,
Substituting the ansatz of eq.(84) in the action of eq.(81), and varying the action with respect to f (r), we have N (r) = 0, yielding
whereL is the AdS curvature scale to be determined. Also, note that we have chosen the 1 R 2 factor in the same spirit as we did earlier. Now varying the action with respect to φ(r) and solving that equation, we get
Here, the chemical potential is given by
In the above expression, q is an integration constant, related to the charge of the black hole and r h is the position of the horizon. Note that, we have again chosen the chemical potential µ c in such a way that the gauge field φ(r) vanishes at the horizon. The variation of the action with respect to N (r) yields a first order differential equation for f (r), solving which we get a cubic equation for f (r),
where m is an integration constant, related to the mass of the black hole. Using
, one can also express the mass parameter in terms of the horizon radius r h from eq.(88),
Here we should mention that unlike the Einstein gravity, the AdS curvature scalẽ L is not equal to the length scale L related to the cosmological constant in QTG. These two are related byL =
, where f ∞ is the asymptotic value of f (r) and can be determined by solving eq.(88) at r → ∞,
As discussed in [55] , [25] , the 3 + 1 dimensional boundary CFT dual to this cubic gravity, can be characterized by two central charges c and a, and an extra parameter t 4 which is required to describe certain scattering phenomena. Further, they can be expressed in terms of the coupling constants in the theory as,
It is to be noted that setting µ = 0 yields t 4 = 0, while c and a reduce to the form of the central charges in Gauss-Bonnet gravity.
From the above equations one can write down the coupling constants in terms of t 4 and the central charges as,
Using the above equations, one can further write down the form of f ∞ from eq.(90), in terms of t 4 and the central charges as,
The two coupling constants and hence the central charges along with t 4 can be constrained to avoid negative energy excitations in the boundary CFT [25] :
As was done earlier with earlier examples, here we first define r h =L x and compute the Hawking temperature as,
Unlike the Born-Infeld case, here it is straightforward to analytically express the charge parameter q in terms of the chemical potential µ c and hence in eq. (95) we have written down the final expression of T in terms of µ c . Also, the thermal entropy of the black hole can be computed using Wald's prescription [44] ,
Finally, we compute the charged Rényi entropy,
As with the Born-Infeld gravity, here we define
, where with n = 1 we can obtain x 1 . Hence, the only remaining task here is to solve the following sixth order algebraic equation,
The largest real solution of the above equation determines the value of x n . The analytical solution for x n is very difficult to obtain, hence we would numerically solve this equation and compute the Rényi entropy. Here, by considering the limit n → 1, one can obtain the entanglement entropy, S 1 (µ c ). Like we did earlier, we will show here the variation of the Rényi entropy S n (µ c ) normalized by the entanglement entropy S 1 (0), instead of plotting S n (µ c ).
Numerical Analysis and Results
First, fixing the value of the ratio of central charges In both figures we seem to get a linear behavior. Notice that for a relatively small value of chemical potential ( figure 7(a) ), where
= 2, the slope of the lines are very small. In fact, the authors of [36] considered the uncharged quasitopological gravity and concluded that the ratio Sn S 1 is almost independent of t 4 for a fixed value of c a in the physically allowed regime and the dependence comes into play when we are well outside the physical regime. However, by coupling the quasi-topological gravity to a U (1) gauge field, it is evident in figure 7 (b) that with a higher value of chemical potential the Rényi entropy ratio increases as t 4 increases, where we have fixed c a to the same value as in figure 7(a), but chosen a higher value of chemical potential µc * 2πL = 20. In both figures, the red, orange, green, blue and purple lines correspond to the values n = 1, 2, 3, 10 and 100, respectively. Notice that, as we increase chemical potential, the ratio
reaches its maximum value for the maximum bound of t 4 (i.e., for t 4 = 0.00238 with c a = 1). Another important observation is that, although the slope of the entropy ratio increases as the chemical potential increases, the slope is independent of n for a fixed value of chemical potential with fixed Recall that, these two chosen values of t 4 are the two extreme bounds (i.e., end points of the physically allowed parameter space for t 4 ) with c a = 1. In each figure, the entropy ratio increases monotonically and in a non-linear fashion, as µ c increases. Here we follow the same color coding for n, i.e., n = 1, 2, 3, 10 and 100 correspond to the red, orange, green, blue and purple curves. Note that for any value of n, the behavior of the entropy with chemical potential is the same. The curve with n = 1 has the highest value of entropy ratio at a fixed chemical potential, while n = 100 has the lowest. . We just mention this result here and do not show the relevant graphs since they are similar to the Born-Infeld case. The results become more interesting when we test the second inequality as shown in figures (9) and (10) . Figure (9) shows the variation of Note that with the upper bound t 4 = 0.0036, the Rényi entropy obeys the second inequality, but with the lower bound t 4 = 0, it violates the inequality although t 4 = 0 is a well-accepted physical regime from causality considerations. This is interesting and let us discuss this further. In this context, we should mention here that this kind of violation was obtained earlier by the authors of [46] while studying the charged Rényi entropies in CFTs dual to Gauss-Bonnet gravity. They showed that this violation can occur in CFTs dual to a hyperbolic black hole geometry when the black hole possesses negative thermal entropy. Now, the negative thermal entropy of a topological black hole is a typical behavior of higher derivative gravity theories and is controlled by the parameters of the higher derivative terms [56] , [57] . It is clear from eq.(96) that the negative entropy black holes must satisfy,
Now from eq.(95), the negative entropy black holes would appear when the chemical potential,
with
Eq.(101) can be rewritten in terms of t 4 and the central charges of the theory as,
Now with = 0.45) is less than the aforementioned value, negative entropy black holes would appear in this case and the CFT dual to this negative entropy hyperbolic black hole would exhibit a violation in the second inequality obeyed by Rényi entropy. However, with t 4 = 0.0036, negative entropy black holes would appear when µc * 2πL < 0.44. Since the chosen potential is greater than this value, the black hole can not have negative entropy and hence, the corresponding CFT obeys the second inequality as shown in figure 9(b) . It can be checked that, with c a = 2 and µc * 2πL = 0.45, the physically allowed regime of the t 4 parameter space becomes narrower in order to obey the inequalities:
In figure 10 , we have shown how the second inequality is controlled by the chemical potential for a fixed value of = 0.75 which can not produce negative thermal entropy and hence there would be no violation of the inequality in this case.
After analyzing the bound on t 4 for a fixed value of the ratio of the central charges, it is important to examine what bound the Rényi entropy imposes on c a when we fix t 4 . As we mentioned before, the authors of [46] analyzed this bound on the ratio of central charges in the context of Gauss-Bonnet gravity. Since, we have an extra parameter µ in QTG and hence t 4 , this bound needs to be reexamined in the context of QTG. Note that, if we set µ = 0, we should recover the result of Gauss-Bonnet gravity.
However, before analyzing the bound on central charges we briefly describe the behavior of the entropy ratio , figure 13(a) shows that the second inequality of Rényi entropy is obeyed while with the upper bound, figure 13(b) shows that the inequality is violated. This is expected if we connect this result with the negative entropy condition of the dual black hole geometry. Following the same logic as we elaborated upon with fixed values of c a , here one can explain these results with fixed value of t 4 using the same arguments based on eq.(103) and we will not go into the details. However, for this example, we mention the bound on the central charge ratio imposed by the inequality of Rényi entropy is 0.862 ≤ c a < 1.990 .
Scaling Dimension of Twist Operators
Let us compute the scaling dimension h n (µ c ) and the magnetic flux response k n (µ c ) of the generalized twist operators in the four dimensional CFT dual to charged quasi-topological gravity. Here, we will use eq.(77) with the mass m being given in eq. (89),
Using eqs. (12), (78) and (107), it is straightforward to show that the scaling dimension h n is given by,
Note that with µ c = 0 and µ = 0 we recover the dimension of the twist operator in a CFT dual to Einstein Gauss-Bonnet gravity, while with µ c = 0 and µ = 0 and λ = 0, the results match with the same in pure Einstein gravity, as expected. We also analyze the first order coefficients of the expansion of the scaling dimension h 10 and h 02 (see section 2) which are given by
and
In appropriate limits, the results agree with the corresponding ones in pure Einstein and Gauss-Bonnet gravity.
On the other hand, the magnetic response can be calculated by computing the charge density,
This yields the result
Note that this result of magnetic response depends on the couplings λ and µ through x n . One can also extract the expansion coefficients as,
The expressions for magnetic response are again in agreement with the case of pure Einstein (λ = 0, µ = 0, µ c = 0) and the Gauss-Bonnet gravity ( µ = 0, µ c = 0).
Having elucidated the nature of ERE in charged quasi-topological gravity, we will now analyse our final example, ERE in Weyl corrected gravity.
Charged Rényi Entropy in Weyl Corrected Gravity
In this section, we consider the Einstein-Maxwell action along with a Weyl coupling. Since the analysis is similar to the ones considered in the previous two sections, we will be brief here. We will start with the action
where C µνρλ is the five dimensional Weyl-tensor and γ is the Weyl coupling. The motivation for this action has been provided in [32] , [33] (in which black holes in this theory with planar and spherical horizon were studied), to which we refer the reader for further details. The hyperbolic black hole solutions here can be obtained by choosing the following metric and gauge field ansatz,
where f 0 (r) and φ 0 (r) are the solutions to linear order in γ representing a hyperbolic Reissner-Nordström black hole solution in five dimensional AdS space, with
Solving Einstein's and Maxwell's equation up to linear order in γ, one can determine the form of F(r), H(r) and N (r) as
In the above equations,L is the effective AdS curvature scale. It is straightforward to show that for Weyl-corrected gravity,L = L. The Hawking temperature of the Weyl-corrected black hole can be computed up to linear order in γ as,
where again we have set r h = L x. Note that, in the limit γ → 0, we get back the temperature of a hyperbolic RNAdS black hole. Using Wald's prescription one can compute the linear order correction in entropy as [33] ,
Since the Rényi entropy can be calculated at this stage by exactly the same methods and numerical routines given in the previous sections, we do not repeat the description of the procedures here. We only study the variation of the Rényi entropy S n (µ c ) normalized by S 1 (0) as a function of the ratio µcl * 2πL . In figure 14 (a) the curve correspond to n = 1 is the bottom-most, while those with n = 2, 3, 10, 100, are the others from the top to the bottom, respectively. The graphs are similar to the cases considered in previous sections, and show that the Rényi entropy increases monotonically with increasing µcl * 2πL
. In figure 14(b) , we have investigated the behaviour of S 1 (0) is plotted against n with fixed γ = −0.005. In both these figures, the corresponding Einstein-Maxwell part has been subtracted and the figures show the quantities only from the Weyl corrected part.
is almost linear in γ, and hence we fit it to a curve of the form mγ + c and show the behaviour of c vs m. Each point on the curve corresponds to a different value of n, and µc * 2πL = 0.5 is fixed. Next, in figure 15(a) , we have plotted
as a function of n, while in figure 15(b) , we have plotted
as a function of n. In both these figures, we have fixed γ = −0.005, where the red, orange, green, blue and purple lines correspond to µc * 2πL = 0, 0.25, 0.5, 0.75 and 1.0, respectively. In both figures, we have isolated the correction to the Einstein-Maxwell result, and the figures depict the correction resulting from the Weyl term only. Notice that in fig.(15(a) ), the inequality obeyed by the Rényi entropy becomes difficult to satisfy if we consider only the Weyl term. However, it can be checked that the Einstein-Maxwell part modifies the total contribution, such that the first inequality of eq. (10) is indeed valid.
A word regarding the upper limit of the Weyl coupling γ is in order. Ideally, the maximum magnitude of γ for which our results are trustworthy should be determined by computing the corrections to the Rényi entropy that arise by expanding the metric perturbatively to second order in γ and by ensuring that changes in the value of the Rényi entropy are small for the value of the Weyl coupling chosen. This is what we had done for the case of Einstein cubic gravity in section 3. In this case, however, due to the complicated nature of the expressions involved (details can be found in Appendix B), such an analysis could not be performed. This is a caveat in our analysis. Specifically, to compute the contribution of the second order correction terms to Rényi entropy, we need to evaluate the lower limit (x n ) and upper limit (x 1 ) (see eq.(74)) numerically, using
, where the temperature T (x) is given in eq.(B.6). For this computation, one needs to generate q(x) at a certain value of the chemical potential µ c . Unfortunately, unlike the case with first order correction, we were unable to determe q(x) precisely, due to some issues with numerical stability. However, we should mention that such an analysis was performed in [33] for black holes with spherical horizons, where it was checked that small values of γ like the ones chosen in this paper were indeed trustable.
For completeness, using the methods described earlier, we also computed the scaling dimension h n (µ c ) of the twist operators. Since the form of h n is not particularly illuminating we do not write it here. However, we should mention that the expansion coefficient h 10 = 2 3 π L p 3 turns out to be the same as with pure Einstein gravity. It is not difficult to convince oneself that this is due to the fact that in this case the AdS curvature scaleL = L.
Summary and Conclusions
In this paper, we have undertaken a detailed study of holographic entanglement Renýi entropies in various extended theories of gravity. The results of this paper complements the ones currently available in the literature, and provides novel examples of the computation of EREs in strongly coupled quantum field theories in four dimensions. As mentioned in the introduction, all the theories that we consider have tuneable parameters, which might be of interest in understanding field theories for realistic systems. Let us now summarise the main findings of this paper.
We first considered the example of Einsteinian cubic gravity recently proposed in [28] . Here, we constructed a black hole solution of the theory perturbatively, up to the second order in a particular parameter. We computed the ERE for this case and verified the relevant inequalities satisfied by the same. We then computed the central charges of the dual field theory, and checked that it matched with a corresponding calculation of the Weyl anomaly on the gravity side. The validity of our perturbative analysis was also justified. As a curiosity, we point out here that the calculation of the free energy using the standard counterterm method seems to be somewhat problematic in this case. This will be commented upon elsewhere.
We next considered examples of extended theories of gravity with a chemical potential. In this context, we studied the ERE for the Born-Infeld and the charged quasi-topological theories of gravity in five dimensions. For both these, the ERE was computed. The complicated nature of the solution for Born-Infeld gravity prevented us from obtaining an analytic computation of the scaling dimensions of the twist operators, but this was not the case for quasi-topological gravity. There, we obtained novel bounds on the field theory parameters. Finally, we briefly considered an example of a class of Weyl corrected gravity theories in five dimensions which was treated perturbatively, and similar analyses as above was carried out.
In this paper, we have presented numerical analysis and plots of relevant quantities throughout, in order to quantify our results. We note here that it might be interesting to investigate some aspects of these further. For example, one could envisage a scaling form for the curves in figs. (3), (4), (5), (6) and for the ones in figs. (7), (8) , (11) and (12) . Our initial attempts at such an analysis seems to suggest that this is somewhat difficult, but if this can be done, one might glean further analytical insights into the results predicted in these figures. In general, it might be a good idea to attempt such analysis, although we have found it difficult in this work.
It might be interesting to investigate the Rényi entropy with an imaginary chemical potential in the higher derivative charged modified gravity theories considered in this paper, following the line of [38] , [46] . It will also be interesting to study the charged ERE in canonical ensembles where the charge parameter is kept fixed, instead of the chemical potential. Further, instead of a purturbative analysis, one could numerically solve the Einstein equations to obtain numerical black hole solutions in Einsteinian cubic gravity and Einstein gravity with a Weyl-corrected gauge field. This way of studying the ERE would help understand better the entropy bounds, and hence the bounds on the coupling constants of the theories, from the validation of the Rényi entropy inequalities. Also, the function N (r) at O(β 2 ) is given by,
where f ∞ is determined as, We also computed the Rényi entropy correction at O(β 2 ), but do not write it explicitly here, since the expression is unwieldy. Instead we give the expression for the entanglement entropy which is obtained by taking the n → 1 limit.
We also calculated the scaling dimension of the twist operator at O(β 2 ) and computed the quantity ∂ n h n | n=1 , in a similar way as we did with the leading order solution,
As a further check for our computations with the second order solution, we calculated the O(β 2 ) correction to the Weyl anomaly, i.e., the correction to the central charges c and a using the methods outlined in section 3.3. We find that the coefficients match exactly with those that can be read off from the above expressions (A.6) and (A. where f 0 (r) is the zeroth order solution, F 1 (r) and F 2 (r) are the first order solutions of the metric, while G 1 (r) and G 2 (r) represent the O(γ 2 ) corrections to the metric. On the other hand, φ 0 (r) and H(r) are respectively the zeroth order and first order corrections to the gauge field, while J (r) stands for the second order correction to the gauge field. Since, the procedure to find the solution has been described earlier with O(γ) correction, here we simply write down the functions at O(γ 2 ), 
